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The modern framework of state transformers, i. e., the first Kraus representation of
quantum measurement, is introduced and related both to the known textbook
concepts and to measurement-interaction evolution (the second Kraus
representation). In this framework the known kinds of measurements of ordinary (as
distinct from generalized) observables are distinguished by necessary and sufficient
conditions. Thus, repeatable, nonrepeatable, and ideal measurements are
characterized both algebraically and geometrically utilizing polar factorization of
state transformers.
I. INTRODUCTION
Quantum mechanics is no longer an es-
oteric scientific discipline solely about mi-
croscopic objects far beyond human per-
ception. Much progress has been made in
demonstrating the macroscopic quantum
behavior of various systems such as super-
conductors, superfluids, nanoscale mag-
nets, laser-cooled trapped ions, photons in
a microwave cavity etc. On the fundamen-
tal level quantum mechanics is expected to
underlie classical physics.
Measurement theory is a central part of
quantum mechanics. Connection of the
quantum formalism with laboratory prac-
tice hinges on measurement, which gives
results and thus enables one to draw in-
formation from an observed specimen.
The newest and, perhaps, most promis-
ing applications of quantum mechanics -
quantum information theory and quantum
computation - also require quantum mea-
surement as a basic notion.1,2
Nowadays the concepts of quantum
measurement and of the ensuing change
of state are far from those found in some
older textbooks. The aim of this article is
to give a simple presentation of the mod-
ern framework of quantum measurement
theory, and to discuss the basic kinds of
measurements of ordinary discrete observ-
ables in it.
In textbooks one often gives a discrete
observable (Hermitian operator) M with
possibly degenerate (distinct) eigenvalues
in spectral form
M =
∑
i
mi
∑
j
| ij〉〈ij |
1
=
∑
i
miPi. (1)
The range of values of j depends on the
degeneracy of mi. The spectral form in
terms of the eigenprojectors Pi is uniquely
determined by M . The one in terms of
the eigenbasis {|ij〉 : ∀ij} is, on account of
the degeneracies, nonunique. (Through-
out, by ”basis” is meant an orthonormal
(ON) set of vectors spanning the entire
space.)
Some standard texbooks3,4 then claim
that the eigenvalues mi are the only possi-
ble results of the measurement of M , and,
if the result mi is obtained, then its prob-
ability is, of course, positive, and an ar-
bitrary state vector | ψ 〉 undergoes the
change:
|ψ〉 → |ψ〉i ≡ p
−1/2
i Pi |ψ〉, (2a)
where
∀i : pi ≡ 〈ψ | Pi |ψ〉 (2b)
are the probabilities for the changes (2a).
One often considers the change occur-
ring to the entire ensemble described by
|ψ〉 when an observable M is measured:
|ψ〉〈ψ | →
∑
i
(pi |ψ〉i〈ψ |i) =
∑
i
(Pi |ψ〉〈ψ | Pi). (2c)
Finally, one has the completeness relation
∑
i
Pi = 1. (2d)
(Note that if pi = 0, | ψ〉i cannot be de-
fined as a unique state vector, and the cor-
responding term (pi | ψ 〉i〈ψ |i) in (2c) is
understood to be zero.)
To avoid physically inessential mathe-
matical intricacies, we confine ourselves
throughout to finite-dimensional state
spaces.
Following the practical terminology
used in the textbook of Kaempffer,5 we
call (2a) selective measurement, whereas
we refer to (2c) as nonselective measure-
ment. Note that one is dealing with two
aspects of measurement. (Sometimes one
objects to the use of the word ”measure-
ment” for the nonselective aspect because
there is no definite result. But this lack
is only apparent due to suppression of the
role of the measuring instrument. Nons-
elective measurement is the totality of all
selective measurements, and the individ-
ual instruments keep track of the various
definite results.)
It is often believed that formulae (2a)-
(2c) originated in the monumental book
of von Neumann.6 Actually, formulae (2a)
and (2c) are due to Lu¨ders.7 There is a
precise sense in which formula (2c) can be
interpreted as describing minimal change
of state in measurement.8 (See also the ref-
erences cited in ref. 8.)
Von Neumann discussed only measure-
ment of discrete observables with all eigen-
values nondegenerate. If a discrete ob-
servable is not of this kind, it can al-
ways be refined into such an observable.
To see this, one has to consider the first
(nonunique) spectral form in (1) and re-
place mi by distinct mij in it to obtain
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an observable M ′ that has all eigenvalues
nondegenerate. M ′ is a maximal refine-
ment of M . The operator M is a func-
tion of M ′: M = f(M ′) meaning that the
eigenvectors of M ′ are eigenvectors also of
M , and ∀ij : mi = f(mij).
Following the idea of von Neumann, one
can measureM by measuringM ′. But it is
not a minimal measurement, because (2a)
is replaced by
|ψ〉〈ψ | →
∑
j
(pij/pi) | ij〉〈ij |,
where the probabilities are now
∀ij : pij ≡ ||〈ij ||ψ〉||
2.
In this way one performs an excessive mea-
surement of M . (One overdoes the mea-
surement not only regarding the change of
state, but also regarding the information
obtained in the measurement because one
learns about an observable M ′ that is a
refinement of M .)
It is perhaps interesting to point out
that the mentioned excessive measure-
ment of the state can always be avoided
if one chooses a suitable maximal refine-
ment M ′ of M . But then the choice of M ′
must depend on the state ρ in which the
measurement is performed.9
Owing to (2d), one can write | ψ〉〈ψ |=∑
i
∑
i′ Pi | ψ 〉〈ψ | Pi′ . Viewing this in
matrix form in the representation of the
eigenbasis {| ij 〉 : ∀ij} of M ′, and com-
paring this with (2c), one can see that all
off-diagonal submatrices are replaced by
zero. Thus | ψ 〉 looses coherence. By
”coherence” one, actually, means interfer-
ence experiments, in which one measures
in |ψ〉 some observable incompatible with
M . The same measurement performed
after that of M gives quite different re-
sults. Thus, in (2c) coherence is lost or
decoherence (with respect to the eigenpro-
jectors of M) sets in. (I recommend as
further reading ref. 10. It gives a short
and clear presentation of the widely ac-
cepted environment-induced decoherence
theory in measurement.)
Besides the quantum system, which we
denote as subsystem 1, there is a measur-
ing apparatus, subsystem 2, with an ini-
tial state | 0〉2, and a certain interaction
between system and apparatus expressed
as a unitary evolution operator U12 that
takes the initial state (|ψ〉1⊗ | 0〉2) into a
suitably correlated final composite-system
state vector
|Ψ〉f12 = U12
(
|ψ〉1⊗ |0〉2
)
. (3a)
The measuring apparatus contains one
more entity: an observable B2 =∑
i(bi | χi 〉2〈χi |2) with all eigenvalues
nondegenerate, called the pointer observ-
able. (For simplicity the dimension of the
state space of the measuring apparatus is
assumed to be equal to the number of dis-
tinct eigenvalues of M .)
The mentioned ”suitability” of correla-
tions in the final state means that if one
expands the final state vector |Ψ〉f12 in the
eigenbasis {| χi〉2 : ∀i} of the pointer ob-
servable, one obtains
|Ψ〉f12 =
∑
i
(P i1 |ψ〉1)⊗ |χi〉2. (3b)
(Note that P i1 is the same as Pi. The
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change of notation is due to the need to
deal with two subsystems.)
Expansion of a bipartite vector in a
factor basis is always possible and it
gives unique (generalized) ”expansion co-
efficients” (vectors in the opposite factor
space). One can see this by taking a basis
also in the opposite factor space, expand-
ing the bipartite vector in the product ba-
sis, and, finally, by grouping the opposite-
space vectors that go with one and the
same basis vector (in the factor space in
which the expansion is performed).∗
One says that one ”reads the pointer po-
sition” when one measures B2 (instanta-
neously). If the result is bi, then, of course,
pi > 0, and one applies the Lu¨ders projec-
∗When a composite state vector, e. g. |Ψ〉f
12
,
is expanded in an arbitrary second-subsystem ba-
sis, the second tensor factors are orthonormal
state vectors, but the first ones need not be; they
need not even be orthogonal in general (cf (4)
e. g.). In the special case when the composite-
system state vector is expanded in an eigenbasis
of its reduced density matrix, in our example, of
ρ2 ≡ Tr1(| Ψ〉
f
12
〈Ψ |f
12
), where the partial trace
is taken over the first subsystem, and only in this
case, also the first factors are orthogonal vectors.
Then one can write the expansion with positive
numerical coefficients and with ON vectors in both
factors. This is then the Schmidt expansion.11,12
It can also be obtained by interchanging the role
of subsystems 1 and 2. (Anyway, the Schmidt
expansion is biorthogonal, i. e., orthogonal in
both factors, and it is expansion in the eigenbases
of both reduced density matrices simultaneously.)
The Schmidt expansion is often made use of; but
it will not be utilized in this article. (Though, ex-
pansion (3b) is obviously biorthogonal, and, as it
has just been explained, it could be easily rewrit-
ten as a Schmidt expansion.)
tion (2a) mutatis mutandis, which gives
p
−1/2
i (11⊗ |χi〉2〈χi |2) |Ψ〉
f
12 =
(p
−1/2
i Pi |ψ〉1)⊗ |χi〉2
in this case. Thus one arrives at (the lit-
eral form of) (2a).
The measurement of the pointer ob-
servable is accompanied by collapse or
objectification13 of the composite-system
state. These terms are closely connected
with the selective version of decoherence,
which takes place in nonselective measure-
ment. The physical source of the phe-
nomenon is a controversial point. But it is
beyond dispute that this problem of mea-
surement theory arises from the incompat-
ibility of the unitary linear dynamics of
the composite system plus apparatus (cf
(3a)) with the transition from a superposi-
tion of pointer states (cf (3b)) to a definite
pointer state (cf (2a)). We will not discuss
the problem of collapse in this study.
II. THE FIRST AND THE SEC-
OND REPRESENTATIONS OF
KRAUS
Any choice of U12, | 0〉2, and a pointer
observable B2 =
∑
i bi | i〉2〈i |2 lead, via
(3a), to some final state vector
|Ψ〉f12 ≡
∑
i
(Mi |ψ〉1)⊗ | i〉2, (4)
which defines linear operators {Mi : ∀i} in
the state space of the system. Reading the
pointer position bi for pi > 0 gives rise to
the selective change of state
(|ψ〉1⊗ |0〉2) → p
−1/2
i (11⊗ |i〉2〈i|2) |Ψ〉
f
12,
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i. e., as seen from (4),
|ψ〉 → p
−1/2
i Mi |ψ〉. (5a)
The probabilities are given by
∀i : pi = 〈ψ | M
†
iMi |ψ〉, (5b)
where M †i is the adjoint of Mi. The cor-
responding nonselective measurement pro-
duces the change of state
|ψ〉〈ψ | → Tr2 |Ψ〉
f
12〈Ψ |
f
12
=
∑
i
Mi |ψ〉〈ψ | M
†
i . (5c)
Finally, one has
∑
i
M †iMi = 1. (5d)
(This is implied by the facts that the RHS
of (5c) has trace one and that | ψ〉 is an
arbitrary state vector.)
The operators {Mi : ∀i} are sometimes
called state transformers on account of the
selective change of state (5a).14 They are
also called measurement operators.2
Evidently, putting ∀i : Mi ≡ Pi, re-
lations (5a)-(5d) take on the special form
(2a)-(2d). In this case one is dealing with
the Lu¨ders state transformers. (Note that
measurement of each observableM has its
own pointer basis {|i〉2 : ∀i}. In the special
case at issue one must put ∀i : |i〉2 ≡|χ〉2).
If the quantum state is a general (mixed
or pure) one, then a density operator ρ
takes the place of | ψ 〉. The reader can
easily prove that relations (5a)-(5c) gener-
alize into
if pi > 0, ρ → ρi ≡ p
−1
i MiρM
†
i , (6a)
∀i : pi ≡ Tr(ρM
†
iMi), (6b)
ρ →
∑
i
MiρM
†
i . (6c)
(Hint: Express ρ as a convex combination
of pure states with statistical weights as
the coefficients.)
To decide if one is now dealing with a
general measurement, one wonders about
the converse state of affairs: If {Nl : ∀l}
is an arbitrary set of state transformers,
i. e., if they are linear operators satisfy-
ing (5d) mutatis mutandis, does there ex-
ist a unitary operator U¯12 that will take
(| ψ〉1⊗ | 0〉2) into a final state | Φ〉
f
12 im-
plying (5a-c) with these linear operators
mutatis mutandis? Affirmative answer re-
quires that the number of values of l must
not exceed the dimension of the second
state space because otherwise the follow-
ing relations (analogues of (4) and (3a) re-
spectively) are not consistent:
|Φ〉f12 ≡
∑
l
(Nl |ψ〉1)⊗ | l〉2 (7a)
≡ U¯12(|ψ〉1⊗ |0〉2). (7b)
The basis {|l〉2 : ∀l} can be the same as in
(4).
Exercise 1. Show that if 〈ψi||ψj〉 = δi,j ,
then also the corresponding composite-
system vectors | Φ〉f12 defined by relation
(7a) are orthonormal. (Hint: Utilize (5d)
mutatis mutandis.)
Thus, relation (7a) determines U¯12 in-
completely as an (incomplete) isometry, i.
e., a linear map taking a subspace onto an-
other equally dimensional one, preserving
the scalar product.
5
Any incomplete isometry can be ex-
tended, though nonuniquely, into a uni-
tary operator in the entire space. (This is
seen by completing the pair of orthonor-
mal sets of vectors that determine the par-
tial isometry into bases.)
Thus, the answer to the above ques-
tion is affirmative, and relation (7b) makes
sense in terms of a unitary operator U¯12.
The first relation defines the composite
state vector in terms of the operators Nl,
and the second determines U¯12, though in-
completely.
Therefore, one speaks of (5a)-(5d) (or
of (6a)-(6c) and (5d)) as a general quan-
tum measurement or the measurement of
a general quantum observable.14 (For de-
tails see the standard textbook of quan-
tum information theory2, or the enlight-
ening review15 and the references therein,
or ref. 16.) General quantum measure-
ments comprise, besides measurements of
ordinary observables, also measurements
of generalized observables (see Definition
4 below). The latter are closely con-
nected with so-called positive-operator-
valued measures (POVM). We discuss
them below.
A set of state transformers on the one
hand, and the initial state of the measur-
ing apparatus, the unitary interaction op-
erator, and the pointer observable on the
other hand are two sides of a coin. Some-
times one calls them ”instrument”.17
Putting an ordinary or generalized mea-
surement in the form of linear operators
{Mi : ∀i} satisfying (5d), i. e., express-
ing it in terms of state transformers, is
called the first Kraus representation or
the operator-sum representation. The use
of composite-system unitary operators via
(3a) and (4) is called the second Kraus
representation.16 The state transformers
are sometimes called Kraus operators.
Instead of the considerably intricate
(but also rather general) exposition of
Kraus in ref. 16, one can read the sim-
pler and more modern presentation in ref.
18 or that in ref. 1.
One should note that Πi ≡ M
†
iMi are
positive operators associated with the se-
lected measurement results. A positive op-
erator Πi satisfies, by definition, the in-
equality 〈ψ | Πi | ψ〉 ≥ 0 for every vector
|ψ〉. It is necessarily Hermitian. It has the
important property of possessing a unique
positive (operator) square root.
On account of the positivity of the
Πi, one speaks, in general, of positive-
operator-valued measures (POVM) as gen-
eralizations of observables (Hermitian op-
erators). The latter represent the spe-
cial case of projector-valued measures (see
Definition 1 below).†
Lemma: Whenever a POVM {Πi : ∀i}
is given, there exist linear operators {Mi :
∀i} such that ∀i : M †iMi = Πi.
Proof: Let {Ui : ∀i} be arbitrary uni-
tary operators, and let us define ∀i :
Mi ≡ Ui(Πi)
1/2. Then M †iMi =
†In the mathematical literature a positive-
operator- (or the special case of a projector-) val-
ued measure is defined on the set of all Borel sets
(generalizations of intervals) of the real line, and
then it is equivalent to a general (or ordinary)
observable. In the case of discrete observables,
to which we are confined in this article, besides
{Πi : ∀i} (or {Pi : ∀i}), it is also indispensable to
specify the (real) eigenvalues {mi : ∀i}.
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(Πi)
1/2U−1i Ui(Πi)
1/2 = Πi. (Naturally,
one can take all Ui equal to 1.) ✷
Remark 1: Thus, any POVM defines
a whole family of state transformers, all of
which reproduce the same POVM via Πi ≡
M †iMi. The probabilities, which equal
∀i : pi ≡ 〈ψ | Πi |ψ〉, (8)
depend only on the positive operators Πi
associated with the individual results. But
the changes of state, e. g., the selective
ones, depend on the linear operators Mi
(cf (5a)), and these are associated with the
Πi in a nonunique way. One should keep
in mind that it is actually the interaction
between system and measuring apparatus
(plus the pointer basis) that selects the
Mi, because it determines the unitary evo-
lution operator U12, and this, in turn, de-
termines the linear operators Mi via (3a)
and (4).
General measurement or unitary evo-
lution, i. e., any quantum mechanical
change of state, is expressible in the form
of action of a trace preserving completely
positive superoperator on the density op-
erator of the system. (A positive su-
peroperator, by definition, preserves pos-
itivity of the operator on which it acts.
Complete positivity means that even when
the positive superoperator is tensor mul-
tiplied by the identity superoperator, the
resulting composite-system superoperator
is also positive.) Every such superopera-
tor is amenable to both the first and the
second Kraus representations.
It is widely accepted that POVM and
the two Kraus representations, i. e.,
the language of state transformers and
composite-system unitary operators, is the
modern framework of quantum measure-
ment theory.
III. THE SPECIAL CASE OF OR-
DINARY OBSERVABLES
Let the measurement of a general ob-
servable, i. e., that of an ordinary or a
generalized one, be given in terms of state
transformers {Mi′ : ∀i
′}, which imply the
POVM {Πi′ ≡ M
†
i′Mi′ : ∀i
′}. On the
other hand, let a resolution of the identity∑
i′ Pi′ = 1 enumerated by the same index
be given. (The Pi′ are orthogonal projec-
tors; physically: disjoint events, alterna-
tives in suitable measurement, altogether
making up the certain event) .
Definition 1: Let the POVM for a
given index value i equal Pi. Then
the state transformers {Mi′ : ∀i
′} imply
the selective measurement of an ordinary
discrete observable (Hermitian operator)
M =
∑
i′ mi′Pi′ (cf (1)), in particular, of
the eigenevent Pi . (By ”eigenevent” is
meant the physical interpretation of the
eigenprojector.) If the POVM reduces to
a projector-valued measure for all values of
i′, then the state transformers represent a
nonselective measurement of M .
If one deals with the selective measure-
ment of an observable M with the eigen-
projector Pi, then the probability relation
(6b) takes on the familiar form:
pi = Tr(Piρ). (9)
One should note that one is dealing with
a class of discrete Hermitian operators de-
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fined by a common resolution of the iden-
tity
∑
i Pi = 1. An arbitrary elementM of
the class is obtained by associating a dis-
tinct real number mi with each value of i
(cf (1)).
Definition 2: If the measurement ofmi
of M has the property that its repetition
necessarily gives the same result, then we
have repeatable measurement. More pre-
cisely, if the measurement of the value mi
of an observable M given by (1) is ex-
pressed by the state transformer Mi from
a set of state transformers {Mi′ : ∀i
′}, and
the probability of the same value mi of M
in the transformed state MiρM
†
i /pi is 1
for every state ρ, then the (selective) mea-
surement is called repeatable. Otherwise,
it is called nonrepeatable. If the selective
measurements are repeatable for all values
mi, then the nonselective measurement is
said to be repeatable.
Synonyms for ”repeatable measure-
ment” are ”predictive”, and ”first-kind
measurement”. Nonrepeatable measure-
ments are also said to be retrodictive or
retrospective or of the second kind. (These
concepts are not equivalent in the case of
generalized observables.14)
The most usual kind of measurement in
the laboratory are the nonrepeatable ones.
Various kinds of detectors (ref. 19, chap-
ter 5) and the Wilson cloud chamber (ref.
19, p. 154), e. g., measure the instanta-
neous position of the particle. But after
the measurement, the state of the particle
is changed in a, practically, unknown way.
The detailed form of the evolution opera-
tor U12 (cf (3a)) is, of course, not known.
Hence, the state transformers (cf (4)) can-
not be evaluated.
Search for laboratory realizations of
repeatable measurement goes under the
term nondemolition measurement (the
value of the measured observable is not
demolished).20,21
Definition 3: Let a set of state trans-
formers {Mi : ∀i} be given such that (i)
they define nonselective measurement of
an ordinary discrete observable M (given
by (1)), (ii) the measurement is repeat-
able, and (iii) it is a minimal-disturbance
measurement in the sense that the sharp
value of every observable compatible with
the measured one is preserved in the non-
selective measurement. (By a ”sharp”
value one means one with zero dispersion
or zero variance, i. e., an eigenvalue of the
corresponding operator.) Then one has
ideal measurement of M .
Theorem 1: (i) Let a general measure-
ment {Mi : ∀i} be the measurement of the
valuemi of an ordinary discrete observable
given by (1), i. e., let
M †iMi = Pi. (10)
be valid. (Operator form of (6b) and (9)
together.) Then one has
Mi =MiPi. (11)
(ii) If and only if besides (10) also
Mi = PiMi (12)
is valid, the selective measurement is re-
peatable. Otherwise, it is nonrepeatable.
(iii) The nonselective repeatable mea-
surement of M is ideal if and only if
∀i : Mi = Pi, (13)
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i. e., if the Mi are the Lu¨ders state trans-
formers.
Proof: (i) If (10) is valid, then the square
norm of the vector Mi(P
⊥
i |ψ〉, where ”⊥”
denotes the orthocomplement, is zero: 〈ψ |
P⊥i M
†
iMiP
⊥
i |ψ〉 = 〈ψ | P
⊥
i PiP
⊥
i |ψ〉 = 0.
Hence, also the vector itself is zero, and
Mi | ψ〉 = Mi(Pi + P
⊥
i ) | ψ〉 = MiPi | ψ〉.
Since this is valid for an arbitrary vector
|ψ〉, the claimed relation (11) follows.
(ii) As it is well known, an event (pro-
jector) P is predicted with certainty in a
state | ψ 〉 if and only if P | ψ 〉 =| ψ 〉.
Hence, according to Definition 2, the mea-
surement at issue is repeatable if and only
if PiMi |ψ〉 = Mi |ψ〉 (cf (5a)). Since the
state vector | ψ〉 is arbitrary, the claimed
criterion (12) ensues.
(iii) It has been proved in the detailed
modern measurement theory given in ref.
13 (chapter III, subsection 3.7) that the
state transformers of ideal measurement
are those given by (13). ✷
Corollary: If a state ρ has a sharp
value mi of an ordinary observable M
(given by (1)), then ideal nonselective
measurement of M does not change this
state at all.
Proof: Let a pure state | ψ 〉 have the
sharp value mi of M . Then, M | ψ 〉 =
mi | ψ 〉, i. e., | ψ 〉〈ψ | is an eigenpro-
jector of M , and hence it commutes with
M . Its sharp value 1 has to be preserved
in the corresponding state transformation
(2c) (cf Theorem 1(iii)) on account of the
definition of ideal measurement. Since |ψ〉
is the only state vector with this property,
one has
∑
i Pi |ψ〉〈ψ | Pi =|ψ〉〈ψ |.
Let ρ be a mixed state with the sharp
value mi of M . Let us, further, perform
ideal nonselective measurement of M on
ρ. According to (2c), this changes the
state into
∑
i(PiρPi). Writing ρ in spec-
tral form in terms of eigenprojectors ρ =∑
k(rk | k 〉〈k |), the transformed state is∑
k{rk[
∑
i(Pi | k 〉〈k | Pi)]}. If ρ has the
claimed sharp value, then necessarily the
same is true for each pure state |k〉 (see Ap-
pendix A). Hence, as shown in the proof in
the preceding passage, they do not change.
Therefore, neither does ρ. ✷
On account of the no-change property
expressed in the Corollary ideal measure-
ment is hard to find in the laboratory.
In practice the interactions that cause a
change in the measuring apparatus (show
a result) do change also the state of the
quantum system. It is like a kind of ac-
tion and reaction (like in the second law of
Newton in classical mechanics). Theoreti-
cally there is no problem in writing down
U12 violating this principle (if we may call
it so). (See ref. 1 for a modern presen-
tation of the von Neumann procedure6 of
defining such a U12.)
As it was seen in Definition 3, the con-
cept of ideal measurement was restricted
to the nonselective case. But, formally, if
a state transformer is the Lu¨ders one, we
can speak of selective ideal measurement.
For this there exists a laboratory realiza-
tion: negative measurement. To give a
simple example, let the Stern-Gerlach ap-
paratus (cf ref. 3, p. 388), measuring the
spin of a spin-one-half particle, be so ad-
justed that one knows when the particle
enters it. Further, let the lower half of
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the screen be a detector, and let the up-
per half be removed (letting the particle
out of the apparatus without interacting
with it). Then, if the particle is not de-
tected when it is expected in the lower half
space, it must be in the upper one, and
therefore it must have spin up. This de-
vice is sometimes called the Stern-Gerlach
preparator because it prepares the particle
in the spin-up state.
One may wonder why most textbooks
confine their presentation to just one kind
of measurement, the ideal one, often disre-
garding the fact that it is almost impossi-
ble to realize it in practice. The answer, of
course, is that until the last two decades
(cf ref. 16) the only known state trans-
formers were the Lu¨ders ones. So, there
was no framework for a more general the-
ory of measurement.
Definition 4: If (10) does not hold, i.
e., if Πi (≡ M
†
iMi) is a positive operator
more general than a projector, then one
speaks of a (selective) measurement of a
generalized observable14 or, shortly, of a
generalized measurement.
If one wonders why one needs general-
ized observables, which are mentioned but
not actually discussed in this article, then
ref. 14 may be a useful source of informa-
tion.
IV. POLAR FACTORIZATION
OF STATE TRANSFORMERS
Every linear operator A can be written
as a product of a unitary operator U and
a positive one H: A = UH. This is called
the polar factorization of the operator (for
proof and details see Appendix B).
Theorem 2: Let {UiHi : ∀i} be a
general measurement with the state trans-
formers written in terms of their polar fac-
tors.
(i) The result corresponding to i has the
meaning of ordinary measurement if and
only if there exists an event (projector) Pi
so that
Hi = Pi. (14)
(ii) If the result corresponding to i has
the meaning of ordinary measurement, it
is repeatable if and only if the unitary po-
lar factor Ui maps the range R(Pi)
(
≡
{Pi |ψ〉 : ∀ |ψ〉}
)
into itself.
(iii) A nonselective repeatable measure-
ment of M (given by (1)) is ideal if and
only if
∀i : Ui = 1. (15)
Proof: (i) Since H2i =M
†
iMi is an iden-
tity, the first claim is obvious in view of
(10). (ii) The sufficiency of the claimed
condition for repeatability is also obvious
because, if valid, one can write UiPi =
(PiUi)Pi, i. e., relation (12) follows. Con-
versely, if | ψ 〉 ∈ R(Pi), then Ui | ψ 〉 =
Ui(Pi | ψ〉). Further, (14) and (12) imply
Ui | ψ〉 = (PiUiPi) | ψ〉 = PiUi | ψ〉. This
amounts to (Ui | ψ〉) ∈ R(Pi) as claimed.
(iii) The equivalence of (13) and (15) is
obvious. ✷
The reader is encouraged to show that
commutation
[Ui, Pi] = 0 (16)
is necessary and sufficient for repeatability
of selective measurement of an observable
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M given by (1). (Hint: Utilize the geomet-
rical equivalent of (16), i. e., express this
relation in terms of the eigensubspaces of
Pi.)
Remark 2: Condition (11) is neces-
sary but not sufficient for ordinary selec-
tive measurement, i. e., for (10). To see
this, let Qi be the range projector of Hi,
the Hermitian polar factor of an arbitrary
state transformer Mi. Let, further, Ei be
any projector such that QiEi = Qi (geo-
metrically: R(Qi) ⊆ R(Ei), where, e. g.,
R(Qi) is the range or support {Qi | ψ〉 :
∀ | ψ 〉}). Then MiEi = (UiHi)Ei =
Ui(HiQi)Ei = UiHiQi =Mi, i. e., Qi, and
infinitely many other projectors Ei satisfy
(11) for an arbitrary state transformer Mi
if Hi is singular, i. e. if it has a nontrivial
null space.
In some cases state transformers may be
more easily defined when written in terms
of polar factors. To illustrate this claim, a
simple example is given (in the form of a
problem) in Appendix C.
In conclusion to this article, two points
should be emphasized. Firstly, contrary
to the impression that one may gain from
most textbooks, measurement is not nec-
essarily ideal; there are other, more com-
plex, measurements of ordinary quantum
observables (not to mention generalized
measurements). The latter are more im-
portant from the laboratory point of view.
Secondly, the modern framework of state
transformers enables one to distinguish
the various kinds of measurements in a
simple way.
APPENDIX A
Proof of the general statement that if
a mixed state ρ has a sharp value mi
of an observable M (cf (1)) and a de-
composition of this state into pure ones
ρ =
∑
k wk |k〉〈k | is given (∀k : 0 < wk ≤
1,
∑
k wk = 1), then also each pure state
| k 〉 has the sharp value of the same ob-
servable.
The state ρ has the sharp value mi of
M =
∑
i′ mi′Pi′ (cf (1)) if TrρPi = 1.
Substituting here the above decomposi-
tion of ρ into pure states and taking into
account that
∑
k wk = 1, one obtains∑
k wk(1 − 〈k | Pi | k 〉) = 0. Then, in
view of ∀k : 〈k | Pi | k〉 = ||Pi | k〉||
2 ≤ 1,
valid for every projector, one ends up with
∀k : 〈k | Pi |k〉 = 1. Thus, the value mi is
sharp also in every pure state |k〉. ✷
APPENDIX B
The unique and the nonunique po-
lar factorizations
Let A be an arbitrary linear operator in
a finite-dimensional linear unitary space
H. Clearly, A†A is a positive operator.
Let Q be its range projector (taking H
onto the range R(A†A)).
Exercise 2: Show that one can write
A = AQ. (Hint: Since Q + Q⊥ = 1 (Q⊥
being the orthocomplementary projector),
show the equivalent relation AQ⊥ = 0, i.
e., that A†A | ψ〉 = 0 implies A | ψ〉 = 0.
To this purpose utilize the positive defi-
niteness of the norm in H.)
Utilizing (1) mutatis mutandis, one has
A†A =
∑
imiQi =
∑
imi
∑
j | ij 〉〈 ij |,
a spectral form in terms of an eigenba-
sis {| ij 〉 : ∀ij} in R(A†A), distinct and
positive eigenvalues mi and eigenprojec-
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tors Qi, which are uniquely determined by
the operator A†A. (Note that the ranges
of the values of j depend, in general, on
the value of i.)
Exercise 3: Show that one can write
A = [A(
∑
i
m
−1/2
i Qi)]×
[
∑
i
m
1/2
i Qi] ≡ U˜H (A.1)
in order to define U˜ and H.
Exercise 4: Show that the second fac-
tor on the RHS of (A.1) is H = (A†A)1/2,
and the first factor U˜ is a partial isome-
try, i. e., a linear map in H that takes
a subspace of H, in particular, R(A†A),
onto another preserving the value of the
scalar product, and, besides, it takes into
zero the subspace orthocomplementary to
R(A†A). (Hint: Show that, denoting
by (. . . , . . .) the scalar product, one has
(A | ij 〉, A | i′j′ 〉) = m
1/2
i m
1/2
i′ δi,i′δj,j′,
and then (U˜ | ij 〉, U˜ | i′j′ 〉) = δi,i′δj,j′ =
(| ij〉, | i′j′〉.)
The polar factors in (A.1) are evidently
uniquely determined by A.
Exercise 5: Show that one can extend
U˜ into a unitary operator U inH, and that
U is nonuniquely determined by A unless
the latter is nonsingular. (Hint: Utilize
an arbitrary incomplete isometry mapping
R(A†A)⊥ onto the subspace [U˜R(A†A)]⊥
preserving the scalar product in R(A†A)⊥
and taking R(A†A) into zero.) Further,
show that one can rewrite (A.1) in the
form
A = UH. (A.2)
Polar factorization (A.2), though in gen-
eral nonunique, can be more practical than
(A.1), because a unitary operator is a con-
cept that is simpler and more familiar than
the notion of a partial isometry.
APPENDIX C
An example of two spin-one-half
particles
We consider the tensor product of
two (two-dimensional) spin-one-half state
spaces H1 ⊗ H2. We utilize the basis
{| n〉1⊗ | n
′ 〉2 : n, n
′ =↑, ↓}, which con-
sists of tensor products of single-particle
state vectors that are spin-up or spin-down
along the z-axis (the standard basis). De-
noting by σ the Pauli matrix (in standard
representation), we want to specify a sim-
ple observable:
M ≡ σ1 ⊗ 12 = P↑ − P↓,
where both for n =↑ and n =↓
Pn ≡|n〉1〈n |1 ⊗12.
Show that: (i) If one defines the state
transformers as Mn ≡ Pn, n =↑, ↓, then
one has ideal measurement of M . (ii) If
one definesMn ≡ (11⊗U2(n))Pn, n =↑, ↓,
where U2(n) is an arbitrary unitary oper-
ator in H2, then one deals with repeat-
able selective measurement of M . If all
Mn are defined in this way, and the U2(n)
are chosen separately for each value of n,
one has nonselective repeatable measure-
ment. (iii) Finally, if one defines Mn ≡
U12(n)Pn, n =↑, ↓, where U12(n) is an ar-
bitrary unitary operator in the composite
space but such that it does not act as the
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identity operator in H1, then one has non-
repeatable selective measurement. If all
Mn are defined in this way, and the op-
erators U12(n) are chosen separately for
each n, we have nonselective nonrepeat-
able measurement of M .
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